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Well-posedness in Critical Spaces for the Density-dependent
Incompressible Viscoelastic Fluid System
Huazhao Xie and Yunxia Fu
Abstract. We are concerned with the well-posedness of the density-dependent incompressible
viscoelastic fluid system. By Schauder-Tychonoff fixed point argument, when ‖1/ρ0 − 1‖
B˙
N/p
p,1
is
small, local well-posedness is showed to hold in Besov space. Furthermore, provided the initial
data (1/ρ0 − 1, υ0, U0 − I) is small under certain norm, we also get the existence of the global
solution.
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1 Introduction
Viscoelastic fluids have a wide range of applications and hence have received a great
deal of interest. Examples and applications of viscoelastic fluids include oil, liquid
polymers, mucus, liquid soap, toothpaste, clay, ceramics, coatings, drug delivery
systems for controlled drug release, viscoelastic blood flow past valves and so on,
see [7] for more applications. The motion of a density-dependent incompressible
viscoelastic fluid is described by the following inhomogeneous Oldroyd system:
ρt+div(ρυ) = 0, (t, x) ∈ (0,+∞)× R
N ,
(υυ)t+div (ρυ ⊗ υ) +∇P = µ∆υ+div (ρUU
T ),
Ut + υ · ∇U = ∇υU,
div υ = 0
(1.1)
supplemented with the initial data
(ρ, υ, U)|t=0 = (ρ0, υ0, U0), (1.2)
where N ≥ 2, ρ(t, x), υ(t, x), P (t, x) and U(t, x) = (U ij(t, x))N×N denote the den-
sity, velocity, hydrodynamic pressure and the deformation tensor respectively, the
viscosity coefficient µ > 0 is a constant.
In the context of hydrodynamics, the motion of the fluid flow is descried by
the particle trajectory x(t,X), where material points X are deformed to the spatial
position x(t,X) at the time t. The deformation tensor U˜(t, x) = ∂x∂X (t,X), when we
work in Eulerian coordinate, we denote it by U(t, x) = U˜(t,X−1(t, x)). Applying
the chain rule, we see that U(t, x) satisfies the transport equation (1.1)3, which
stands for
U ijt + υ
k∇kU
ij = ∇kυ
iUkj , for i, j = 1, · · · , N,
where ∇i =
∂
∂xi
, U ij = ∂x
i
∂Xj , ∇jυ
i = (∇υ)ij .
We assume that the initial data satisfy the constrains
div υ0 = 0,
div (ρ0U
T
0 ) = 0,
U lk0 ∇lU
ij
0 − U
ij
0 ∇lU
ik
0 = 0.
(1.3)
2Using (1.3), it is easy to obtain that div (ρUT ) = 0 and
U lk∇lU
ij − U lj∇lU
ik = 0, (1.4)
hold for all time, see [8,12].
System (1.1) has been studied extensively. When the density is a constant,
system (1.1) governs the homogeneous incompressible viscoelastic fluids, and there
exist rich results in the literature for the global existence of classical solutions,
see [2,9,10,11] and the references therein. Let H = U − I be the perturbation of
deformation tensor U , Lei et al. [9] find that
∇kH
ij −∇jH
ik = H lj∇lH
ik −H lk∇lH
ij , (1.5)
which is useful to prove the global existence. When density ρ(t, x) is not a constant,
the problem related to existence becomes more complicated and not much has
been done. Qian and Zhang [12] got the well-posedness in critical spaces for the
compressible viscoelastic fluids. One of the difficulties in proving the global existence
is the lacking of dissipative estimate for the deformation gradient, to overcome
this difficulty, Lei et al. in [9] introduced an auxiliary function, the authors in
[12] explore the smoothing effect and damping effect of the system by viewing it
a hyperbolic-parabolic coupled system. However, This paper is devoted to the
density-dependent incompressible viscoelastic fluids, those methods do not apply
directly. We need to estimate the pressure term. By using standard energy estimates
for dyadic blocks, we can get the estimate of ∇P . Hu and Wang in [13] considered
the the three-dimensional density-dependent incompressible viscoelastic fluids, they
got the existence and uniqueness of the global strong solution with small initial data.
Our assumptions and methods are different, we consider the problem in critical
spaces.
We shall use scaling considerations to find which spaces are critical for (1.1).
System (1.1) is invariant by the rescaling (ρ, υ, P, U) 7→ (ρl, υl, Pl, Ul) with
ρl(t, x) = ρ(l
2t, lx), υl(t, x) = lυ(l
2t, lx),
Pl(t, x) = l
2P (l2t, lx), Ul(t, x) = l
2U(l2t, lx).
This motivates the following definition:
Definition 1.1. We say that a functional space is critical with respect to the
scaling of the equations if the associated norm is invariant under the transformation:
(ρ, υ, P, U) 7→ (ρl, υl, Pl, Ul) (up to a constant independent of l).
In Sobolev spaces setting, the above definition would lead us to consider initial
data in H˙N/p×(H˙N/p−1)N×(H˙N/p)N
2
. If ρ vanishes or becomes unbounded, system
(1.1) degenerates, it is reasonable to assume that ρ0 ∈ L
∞. For technical reasons,
we suppose that the initial data belong to a somewhat smaller homogeneous Besov
space B˙
N/p
p,1 × (B˙
N/p−1
p,1 )
N × (B˙
N/p
p,1 )
N2 . Set
σ =
1
ρ
− 1, H = U − I,
the system (1.1)-(1.2) can be reformulated as follows
σt + υ · ∇σ = 0,
υit + υ · ∇υ
i + (σ + 1)∇iP = µ(σ + 1)∆υ
i + ∂kH
ik +Hjk∂jH
ik,
Ht + υ · ∇H = ∇υ(H + I),
div υ = 0,
(σ, υ,H)|t=0 = (σ0, υ0, H0).
(1.6)
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The well-posedness of the system (1.1)-(1.2) is equivalent to the system (1.6).
The main results of this paper are as follows.
Theorem 1.1. For the system (1.6), let p ∈ [1, N ], there exists a constant c = c(N),
such that for any υ0 ∈ (B˙
N/p−1
p,1 )
N with div υ0 = 0, H0 ∈ (B˙
N/p
p,1 )
N2 and σ0 ∈ B˙
N/p
p,1
with ‖σ0‖B˙N/pp,1
≤ c, then there exists a positive time T ∈ (0,+∞) such that system
(1.6) has a unique solution (σ, υ,H,∇P ) with
σ ∈ C([0, T ]; B˙sp,1), υ ∈
(
C([0, T ]; B˙s−1p,1 ) ∩ L
1([0, T ]; B˙s+1p,1 )
)N
,
H ∈ C([0, T ]; B˙sp,1)
N2 , and ∇P ∈ (L1([0, T ]; B˙s−1p,1 )
N .
In addition, for p = 2, we denote Bs := Bs2,1, there exists a constant η such that, if
‖σ0‖
B
N
2 ∩B
N
2
−1 + ‖H0‖B
N
2 ∩B
N
2
−1 + ‖υ0‖B
N
2
−1 ≤ η,
then the system (1.6) has a unique global solution with (σ, υ,H) ∈ HN/2, where
Hs :=
(
L2(R+;Bs) ∩ C(R+;Bs ∩Bs−1)
)
×
(
L1(R+;Bs+1) ∩ C(R+;Bs ∩Bs−1)
)N
×
(
L2(R+;Bs) ∩ C(R+;Bs ∩Bs−1)
)N2
,
and ∇P ∈ L1(R+;Bs−1)N .
This paper is structured as follows. Section 2 is devoted to recall some basic
results on Besov spaces. In Section 3, using Schauder-Tychonoff fixed point ar-
gument, we prove the existence and uniqueness of the local solution. At last, we
concentrate on the proof of the global existence of solution.
Notation: Throughout the paper, C stands for a universal constant. Z ′(RN )
stands for the dual space Z(RN ) = {f ∈ ϕ(RN ) : Dαfˆ(0) = 0, ∀α ∈ NN multi-index}.
The notation LpT (X) stands for the set of measurable functions on (0, T ) with values
in X , such that ‖ · ‖X ∈ L
p(0, T ), where X be a Banach space, p ∈ [1,+∞].
2 Basic results on Besov spaces
In this section, we mainly review some results on Besov spaces. At first, we introduce
the Littlewood-Paley theory. The homogeneous Littlewood-Paley decomposition
relies upon a dyadic partition of unity: radial function ϕ ∈ ϕ(RN ) supported in the
shell C := {ξ ∈ RN | 34 ≤ ξ ≤
8
3} such that∑
q∈Z
ϕ(2−qξ) = 1, for all ξ 6= 0.
The homogeneous dyadic blocks and low frequency cut-off are defined by
∆qf := ϕ(2
−qD)f, and Sqf :=
∑
k≤q−1
∆kf for q ∈ Z.
It is easy to verify the following properties hold:
∆q∆kf ≡ 0 for |q − k| ≥ 2; ∆q(Sk−1f∆kf) ≡ 0 for |q − k| ≥ 5.
The definition of the Besov space depend on the Littlewood-Paley decomposition.
4Definition 2.1. For s ∈ R, (p, r) ∈ [1,+∞]2 and u ∈ Z ′(RN ), we set
‖u‖B˙sp,r
:=
∥∥2js‖∆ju‖p∥∥lr ,
with the usual change if r = +∞. The homogeneous Besov space B˙sp,r is defined by
B˙sp,r :=
{
u ∈ Z ′(RN ) : ‖u‖B˙sp,r
< +∞
}
.
Next, we introduce the Besov-Chemin-Lerner space L˜qT (B˙
s
p,r) which is initiated
in [1].
Definition 2.2. For s ∈ R, (p, r, k) ∈ [1,+∞]3 and T ∈ (0,+∞]. The space
L˜kT (B˙
s
p,r) is defined by
L˜kT (B˙
s
p,r) :=
{
u ∈ Lk(0, T ;Z ′(RN ) : ‖u‖L˜kT (B˙sp,r)
< +∞
}
,
where
‖u‖L˜kT (B˙sp,r)
:=
{∑
q∈Z
2qrs
(∫ T
0
‖∆qu(t)‖
k
pdt
) r
k
} 1
r
,
with the usual change if r = +∞.
By virtue of Minkowski’s inequality, we have
‖u‖L˜kT (B˙sp,r)
≤ ‖u‖LkT (B˙sp,r)
if k ≤ r,
‖u‖L˜kT (B˙sp,r)
≥ ‖u‖LkT (B˙sp,r)
if k ≥ r.
In order to get the global existence result, we need to give the definition of hybrid
Besov spaces.
Definition 2.3. For µ > 0, r ∈ [1,+∞] and s ∈ R, we define the hybrid Besov
space B˜s,rµ as the set of functions u such that
‖u‖B˜s,rµ :=
∑
q∈Z
2qsmax(µ, 2−q)1−
2
r ‖∆qu‖L2 <∞.
Let us list some important properties of the Besov spaces, see [3].
Lemma 2.1. For s ∈ R, (p, r) ∈ [1,+∞]. The following inequalities hold true:
(i) there exists a universal constant C such that
C−1‖u‖B˙sp,r
≤ ‖∇u‖B˙s−1p,r ≤ C‖u‖B˙sp,r
; (2.1)
(ii) if s1, s2 ≤
N
p and s1 + s2 > N max
(
0, 2p − 1
)
,
‖uv‖
B˙
s1+s2−
N
p
p,1
≤ C‖u‖B˙s1p,1
‖v‖B˙s2p,1
; (2.2)
(iii) if s1 ≤
N
p , s2 <
N
p and s1 + s2 ≥ N max
(
0, 2p − 1
)
,
‖uv‖
B˙
s1+s2−
N
p
p,∞
≤ C‖u‖B˙s1p,1
‖v‖B˙s2p,∞ . (2.3)
